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Bifurcations of biphasic composites, in contrast to single phase
materials, are sensitive to constitutive differences (jumps) across
the interface between different phases. However, while plane and
cylindrical conﬁgurations of composites have been studied in de-
tail (e.g. Bigoni et al., 1997; Bigoni and Gei, 2001) for possible bifur-
cation, not much is available for composite spheres.
Surface bifurcations at a spherical cavity embedded in an inﬁ-
nite medium under remote loading have been examined by
(Bassani et al., 1980; Chau, 1995) for elastoplastic solids. At the
other extreme, bifurcation of a full sphere under external radial
loads is studied in a recent paper (Hollander and Durban, 2008)
for a family of hypoelastic materials. An earlier work by Wesolow-
ski (1965) considered full hyperelastic spheres that bifurcate due
to external radial stresses.
Two interesting papers by Levy Levy (2002, 2003) treat the
problem of a rigid spherical inclusion inside an external spherical
shell made of incompressible material. Interfacial contact is mod-
elled by a nonlinear thin inter-phase and bifurcations under exter-
nal loads are thoroughly discussed.
The present paper considers possible modes of bifurcation
induced by a spherical inclusion embedded in an external matrix.
The inclusion is assumed to swell uniformly against the outer
matrix which is made of a different material. Within the stable
growing process the inclusion inﬂates in a spherical symmetric
pattern, where continuity between the inclusion and its surround-
ings is fully preserved. Along that primary deformation path bifur-ll rights reserved.
: +972 4 8292030.
llander).
mitted to the Technion.cation can occur, implying that the spherical shape of the inclusion
becomes a-morphed. As a result, separation between the inclusion
and surrounding media can be activated, accompanied by possible
fragmentation of the different constituents.
There are quite a few examples of such behavior, taken from the
ﬁelds of engineering, physics and biology. One example is of solid
rocket propellant, made of a polymeric matrix, containing small
metallic particles that expand against the polymer, during the
burning process of the fuel, and can lead to loss of its mechanical
stability. Another example, taken from the ﬁeld of biomechanics,
is concerned with a small spherical tumor that grows against a
healthy tissue that surrounds it. The growth of the tumor can cause
rapture of the tissue, and may also act as a mechanical stimulator
for the transformation of the tumor from benign to malignant.
The constitutive framework chosen for this research is the fam-
ily of hyperelastic solids. However, since most of the analytical der-
ivations are general, without focusing necessarily on a speciﬁc
solid, it is possible to extend the validity of the formulation to more
general materials. One of the main ﬁndings exposed in the research
is that bifurcation, in this type of growing process, is indeed possi-
ble. The nature of the bifurcation pattern is highly sensitive to the
constitutive response of both phases involved, particularly to the
strength differential between inclusion and matrix.2. Fundamental equilibrium path
In the problem discussed here a spherical inclusion is growing
monotonically against an outer matrix. Both the inclusion and the
matrix are made of isotropic and compressible hyperelastic solids.
It is assumed that the pattern of growth is spherically symmetric,
so the deformation, relative to the reference stress free conﬁgura-
tion, of the current conﬁguration is described by radial connection
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where ðr; h;/Þ and ðR;H;UÞ are the Eulerian and Lagrangian spher-
ical coordinates, respectively, with origin located at center of inclu-
sion. We denote the external radii of the inclusion and the matrix at
the current conﬁguration by a and b, respectively. In the reference
conﬁguration these are denoted by A and ;B. The deformation gra-
dient implied by the displacement ﬁeld is simply
F ¼ krereR þ khðeheH þ e/eUÞ; ð2:2Þ
with the unit vectors ðer; eh; e/Þ associated with the Eulerian spher-
ical coordinates, and ðeR; eH; eUÞ associated with the Lagrangian
spherical coordinates. In (2.2) kr ¼ r;R and kh ¼ r=R are the principal
stretches of the deformation, both being identiﬁed within the do-
main occupied by the matrix.
While the deformation gradient tensor F describes the transfor-
mation from the reference, stress-free, conﬁguration to the current,
loaded, conﬁguration, the strain ﬁeld is induced by self inﬂation of
the inner inclusion. We can consider the deformation of the inclu-
sion as composed of two parts: natural stress-free growth with
superposed elastic contraction that ensures compatibility between
the inclusion and matrix (Fig. 1). We can therefore write for the
inclusion the tensor F (Klisch et al., 2001; Ambrosi and Mollica,
2002)
F ¼ Fe  Fg; ð2:3Þ
where Fg and Fe are the natural growth and elastic compatibility
deformation gradient tensors, respectively. Assuming a hydrostatic
natural growth pattern, we have for Fg
Fg ¼ 0I; ð2:4Þ
where 0 is a known parameter (uniform dilatation) that character-
izes the growth of the inclusion. Likewise, the elastic deformation
gradient tensor Fe takes the form
Fe ¼ 10
a
A
I: ð2:5Þ
In both (2.4) and (2.5) I represents the second order unit tensor.
During growth the inclusion is subjected to uniform radial com-
pressive traction which acts at the interface between the two
phases. Denoting that interfacial pressure value by the positive
constant P, we can write the Cauchy stress tensor within the inclu-
sion as
rðiÞ ¼ PI; ð2:6Þ
where the superscript (i) represents the inclusion. The stress ﬁeld
induced within the matrix is spherically symmetric, in accordance
with the nature of the growing pattern, thus
rðmÞ ¼ rrrerer þ rhhðeheh þ e/e/Þ; ð2:7Þ
where (m) stands for the matrix and stress components
ðrrr ;rhh ¼ r//Þ depend on r. We assume that the growing processFig. 1. A schematic description of the growth process of the inclusion. In the reference con
is a.is slow, so the primary equilibrium path is governed by the quasi-
static equation
$  r ¼ 0; ð2:8Þ
which is satisﬁed identically for the inclusion. As for the matrix, the
only non-trivial scalar equation obtained from (2.8) is
rrr;r þ 2r ðrrr  rhhÞ ¼ 0: ð2:9Þ
The boundary and interfacial data that supplement the primary
equilibrium path are the known radial traction T applied on the out-
er surface of the matrix (designated as positive inward), and trac-
tion continuity across the interface, between the inclusion and the
matrix,
n  r ¼ Tn; at r ¼ b;
n  srt ¼ 0; at r ¼ a; ð2:10Þ
with n standing for the outward unit vector normal to surface and
the symbol s  t denotes a jump of the relevant argument. Identify-
ing the normal unit vector n with the radial unit vector er , (2.10) is
reduced to
rrrðr ¼ bÞ ¼ T;
rrrðr ¼ aþÞ ¼ rrrðr ¼ aÞ ¼ P; ð2:11Þ
though the interfacial pressure P is not known a-priori. In (2.11) the
superscripts ’+’ and ’-’ indicate the matrix and inclusion sides of the
interface, respectively. Also, continuity of displacements should be
preserved at the interface between the two phases, namely
rðR ¼ AÞ ¼ rðR ¼ AþÞ; ð2:12Þ
or, in terms of the current to reference inclusive radii ratio
a
A
¼ khðR ¼ AþÞ; ð2:13Þ
Finally, since the growing pattern is spherically symmetric, an addi-
tional constraint is imposed for the displacement of the center of
the inclusion
rðR ¼ 0Þ ¼ 0: ð2:14Þ
To sum up, the primary deformation path is governed by Eq. (2.9)
within the matrix, in conjunction with the stress ﬁeld (2.6) within
the inclusion, and boundary data (2.11)–(2.13) and (2.14). Speciﬁc
solutions depend on constitutive response and will be discussed
in Section 4. Onset of bifurcation from primary path is discussed
in detail in the following section.
3. Incremental behavior and bifurcation solutions
Onset of bifurcation is governed by the rate form of (2.8) (Papa-
nastasiou and Durban, 1999; Hollander, 2005)ﬁguration the radius of the inclusion in Awhereas in the compatible conﬁguration it
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J
s
OD  rþ r W
 
¼ 0; ð3:1Þ
where s ¼ Jr is the Kirchhoff stress tensor, J ¼ jFj is the deformation
gradient Jacobian, and tensors D and W are the Eulerian strain rate
and spin tensors, respectively. Both are related to the perturbed
velocity ﬁeld V by
D ¼ 1
2
ð$V þ V$Þ; ð3:2aÞ
W ¼ 1
2
ð$V  V$Þ; ð3:2bÞ
with $V and V$ ¼ ð$VÞT as the left and right velocity gradients. The
objective Jaumann stress rate s
O
is given by the usual relation
s
O ¼ @s
@t
þW  s s W; ð3:3Þ
where t is a time-like parameter. A brief derivation of rate equilib-
rium Eq. (3.1) is given in Appendix A.1.
The rate boundary data that supplements (3.1) are vanishing of
perturbed traction rate on the outer surface of the matrix, and con-
tinuos traction rate across the interface, thus
n  sOD  sþ s Wþ ðdnn  IDÞs
h i
¼ 0; at r ¼ b; ð3:4Þ
sn  sOD  sþ s Wþ ðdnn  IDÞs
h i
t ¼ 0; at r ¼ a: ð3:5Þ
In (3.4) and (3.5) n is an outward unit vector normal to the bound-
ary surface, dnn ¼ nn  D is the normal projection of D, and ID ¼ I  D
is the rate of dilation.
Conditions (3.4) and (3.5) have been derived from the require-
ment of vanishing traction rate (and traction rate continuity for
the case of (3.5))
@ðn  rÞ
@t
¼ 0 ) @n
@t
 rþ n  @r
@t
¼ 0: ð3:6Þ
Recalling the standard relations
@n
@t
¼ n  ðdnnI V$Þ; @r
@t
¼ rOW  rþ r W; ð3:7Þ
we ﬁnd the vanishing traction rate condition
n  ðrO D  rþ r Wþ dnnrÞ ¼ 0: ð3:8Þ
Replacing now the Cauchy stress tensor by the Kirchhoff stress ten-
sor r ¼ s=J leads to formulation (3.4) and (3.5).
Assuming that the matrix and the inclusion are not separated at
the onset of bifurcation, we require that the perturbed velocity
ﬁeld will be continuos at the interface. In addition, we also require
that the center of the inclusion will not move during bifurcation,
thus
sVt ¼ 0; at r ¼ a; ð3:9Þ
Vðr ¼ 0Þ ¼ 0: ð3:10Þ
Restricting the analysis to axially-symmetric perturbed velocity
ﬁeld, we write V as
V ¼ uer þ veh; ð3:11Þ
where u and v are the radial and circumferential velocity compo-
nents, respectively. Inserting (3.11) in (3.2) we obtain the strain rate
and spin tensors
D ¼ drrerer þ dhheheh þ d//e/e/ þ drhðereh þ eherÞ; ð3:12aÞ
W ¼ wrhðereh  eherÞ; ð3:12bÞ
withdrr ¼ u;r ; dhh ¼ 1r ðv ;h þ uÞ; d// ¼ 1r ðuþ v cot hÞ;
drh ¼ 12 v ;r þ
u;h
r  vr
 
; wrh ¼ 12 v ;r 
u;h
r þ vr
 
:
ð3:13Þ
The bifurcation Eq. (3.1) is considerably simpliﬁed for the inclusion,
due to the primary hydrostatic state of stress (Hollander and Dur-
ban, 2008), and in fact is reduced to (since J is uniform)
$  sO ¼ 0: ð3:14Þ
To conclude, onset of bifurcation is governed by Eq. (3.1) for the do-
main occupied by the matrix and by (3.14) for the domain occupied
by the inclusion. Boundary conditions are given in Eqs. (3.4)–(3.10).
4. Constitutive framework
In the present work we examine problems where both the
inclusion and its surrounding matrix are made of two different
nonlinear hyperelastic solids. For hyperelastic materials the princi-
pal stresses and stretches are derived from a strain energy function
w by
ri ¼ 1J ki
@w
@ki
; i ¼ r; h;/ ðno sumÞ; ð4:1Þ
where ðrr;rh;r/Þ, and ðkr; kh; k/Þ are the principal stresses and
stretches.
Incremental (rate) response is governed by a linear tensorial
relation between the Jaumann stress rate s
O
and the Eulerian strain
rate tensor D
s
O ¼L  D; ð4:2Þ
whereL is the instantaneous moduli tensor (fourth order). In terms
of its components, (4.2) becomes (Eulerian conﬁguration)
s
O
rr ¼ Lrrdrr þ Lrhdhh þ Lrhd//;
s
O
hh ¼ Lrhdrr þ Lhhdhh þ Lh/d//;
s
O
// ¼ Lrhdrr þ Lh/dhh þ Lhhd//;
ð4:3Þ
s
O
rh ¼ Grhdrh; s
O
r/ ¼ Grhdr/; s
O
h/ ¼ Gh/dh/; ð4:4Þ
where Lij and Gij ði; j ¼ r; h;/Þ are the components of L. Note that
under the assumptions made for the perturbed velocity ﬁeld, the
Eulerian strain rate tensor components dr/ and dh/ vanish, and
therefore the shear rate components s
O
r/ and s
O
h/ in (4.4) vanish as
well. The moduli Lij and Gij can be rewritten in terms of the energy
function w as
Lij ¼ kj dij @w
@ki
þ ki @
2w
@ki@kj
 !
; ð4:5Þ
Gij ¼
k2i þ k2j
k2i  k2j
ki
@w
@ki
 kj @w
@kj
 
; i ¼ r; h;/ ðno sumÞ: ð4:6Þ
We turn now to specify the bifurcation equations for the domain
occupied by the outer matrix, in terms of the components of V. By
substituting (3.12b), (3.13), (4.3), (4.4), and (2.7) into (3.1) we arrive
at the following two equations
a1
@2
@r2
þ a2 @
@r
þ a3
 !
uþ a4Cðu;hÞ þ b1
@
@r
þ b2
 
CðvÞ ¼ 0;
ð4:7aÞ
b1
@
@r
þ c1
 
u;h þ d1 @
2
@r2
þ d2 @
@r
þ d3
 !
v þ d4 @
@h
CðvÞ þ v
 
¼ 0:
ð4:7bÞ
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Appendix B. These coefﬁcients depend on the choice of the energy
function w. The operator CðÞ is deﬁned as
CðÞ ¼ ðÞ;h þ cot hðÞ: ð4:8Þ
For the inclusion, several simpliﬁcations are noticed. It can be
shown that in the limit kr ! kh we can write Grh as
GðiÞrh ¼ Grhjkr!kh ¼ kðiÞ
@w
@kr
þ kðiÞ @
2w
@k2r
 @
2w
@krkh
 !" #
: ð4:9Þ
In addition, the following relations exist between the instantaneous
moduli
LðiÞrr ¼ LðiÞhh ¼ LðiÞ//; LðiÞrh ¼ LðiÞh/ ¼ LðiÞr/; LðiÞrr ¼ LðiÞrh þ GðiÞrh : ð4:10Þ
These relations facilitate reformulation of (4.2) with the instanta-
neous constitutive relation for the inclusion (Hollander and Durban,
2008) written as
s
O ¼ GðiÞrhDþ LðiÞrh II  D: ð4:11Þ
A further substitution in (3.14) leads to the Navier-type equations
GðiÞrhr2V þ GðiÞrh þ 2LðiÞrh
 	
$ID ¼ 0; ð4:12Þ
or, in terms of velocity components,
GðiÞrh r2u
2u
r2
 2ðv sin hÞ;h
r2 sin h
 
þ GðiÞrh þ 2LðiÞrh
 	
ID;r ¼ 0; ð4:13aÞ
GðiÞrh
2u;h
r2
þr2v  v
r2 sin2 h
 
þ GðiÞrh þ 2LðiÞrh
 	 ID;h
r
¼ 0; ð4:13bÞ
where the rate of dilation ID is deﬁned by
ID ¼ $  V ¼ u;r þ 2ur þ
1
r
ðv ;h þ v cot hÞ: ð4:14Þ
We conclude this section by formulating the boundary conditions
for the bifurcation problem in terms of the perturbed velocity com-
ponents. For the outer boundary we combine (3.13), (4.3) and (4.4),
along with the boundary data (2.11), with (3.4), resulting in at r ¼ b
1
J
Lrr þ T
 
u;r þ 1b
1
J
Lrh þ T
 
½CðvÞ þ 2u ¼ 0; ð4:15aÞ
T  rhh þ 1J Grh
 
v ;r þ 1b T  rhh þ
1
J
Grh
 
ðu;h  vÞ ¼ 0: ð4:15bÞ
Likewise, continuity of traction rates across the interface, (3.5) is ex-
pressed by, at r ¼ a,
s
1
J
Lrr þ P
 
u;r þ 1a
1
J
Lrh þ P
 
CðvÞ þ 2u½ t ¼ 0; ð4:16aÞ
s P  rhh þ 1J Grh
 
v ;r þ 1a P  rhh þ
1
J
Grh
 
ðv ;h  vÞt ¼ 0:
ð4:16bÞ
Direct conditions are also imposed on the velocity components.
These are continuity at the interface and vanishing velocity vector
at the center of the inclusion. Therefore, by (3.9) and (3.10), we have
at r ¼ a
sut ¼ 0; svt ¼ 0; ð4:17Þ
and at r ¼ 0
u ¼ v ¼ 0: ð4:18Þ
Given a hyperelastic constitutive framework for both materials in
the problem, bifurcation equations in terms of perturbation compo-
nents are given in (4.7) and (4.13) for the matrix and the inclusion,
respectively. These are supplemented by the boundary data in
(4.15)–(4.18).5. Eigenfunctions and eigenvalues
Possible eigen-solutions for the ﬁeld Eqs. (4.7) (the matrix) and
(4.13) (the inclusion) are sought here by the following separation
of variables velocity proﬁles
u ¼ f ðrÞPnðhÞ; ð5:1Þ
v ¼ gðrÞ _PnðhÞ; ð5:2Þ
where PnðhÞ is the n’th ðn ¼ 0;1;2; . . .Þ order Legendre Polynom,
which satisﬁes the relation
€PnðhÞ þ cot h _PnðhÞ þ nðnþ 1ÞPnðhÞ ¼ 0; ð5:3Þ
with ð _Þ denoting differentiation with respect to h. The radial pro-
ﬁles of velocity components f ðrÞ and gðrÞ remain to be determined.
By substituting the velocities (5.1) and (5.2) in the rate equilibrium
Eq. (4.7b) we obtain two ordinary differential equations for the ra-
dial proﬁles in the matrix
a1f 00 þ a2f 0 þ a3  nðnþ 1Þa4½ f  nðnþ 1Þðb1g0 þ b2gÞ ¼ 0;
ð5:4aÞ
b1f
0 þ c1f þ d1g00 þ d2g0 þ fd3 þ ½1 nðnþ 1Þd4gg ¼ 0; ð5:4bÞ
where ðÞ0 stands for differentiation with respect to r. As for the
inclusion, by inserting (5.1) and (5.2) in (4.13) we arrive at the
couple
2ðGðiÞrh þ LðiÞrh Þ f 00 þ
2
r
f 0  2
r2
f
 
 GðiÞrhnðnþ 1Þ
1
r2
f
 nðnþ 1Þ ðGðiÞrh þ 2LðiÞrh Þ
1
r
g0  ð3GðiÞrh þ 2LðiÞrh Þ
1
r2
g
 
¼ 0; ð5:5aÞ
ðGðiÞrh þ 2LðiÞrh Þ
1
r
f 0 þ 4ðGðiÞrh þ LðiÞrh Þ
1
r2
f þ GðiÞrhg00 þ 2GðiÞrh
1
r
g0
 2nðnþ 1ÞðGðiÞrh þ LðiÞrh Þ
1
r2
g ¼ 0; ð5:5bÞ
which are equations of the Bernoulli type. The characteristic roots of
that system are
p1 ¼ n 1; p2 ¼ nþ 1; p3 ¼ n; p4 ¼ ðnþ 2Þ; ð5:6Þ
with the appropriate velocity proﬁles for the inclusion (vanishing
velocity components at the origin r ¼ 0)
fnðrÞ ¼ Anrn1 þ Bnrnþ1; ð5:7aÞ
gnðrÞ ¼
1
n
Anrn1 þ KnBnrnþ1; nP 2; ð5:7bÞ
where An;Bn are integration constants and
Kn ¼ ðnþ 9Þvþ 3ðnþ 3Þðnþ 1Þ ðn 6Þvþ 3n½  ; v ¼
GðiÞrh
2
3G
ðiÞ
rh þ 2LðiÞrh
 !
: ð5:8Þ
The boundary conditions for (5.4) and (5.5) and are received by
inserting (5.1) and (5.2) in (4.15), (4.16), 4.17.Thus, at r ¼ bwe have
1
J
LðmÞrr þ T
 
f 0 þ 1
b
1
J
LðmÞrh þ T
 
½2f  nðnþ 1Þg ¼ 0; ð5:9aÞ
T  rhh þ 1J G
ðmÞ
rh
 
g0 þ 1
b
T  rhh þ 1J G
ðmÞ
rh
 
ðf  gÞ ¼ 0; ð5:9bÞ
while at r ¼ a
s
1
J
Lrr þ P
 
f;r þ 1a
1
J
Lrh þ P
 
½2f  nðnþ 1Þgt ¼ 0; ð5:10aÞ
s P  rhh þ 1J Grh
 
g;r þ
1
a
P  rhh þ 1J Grh
 
ðf  gÞt ¼ 0; ð5:10bÞ
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Conditions (4.18), on f and g at the center of the inclusion, are al-
ready implemented in solution (5.7).6. Numerical example
The numerical solution of the biphasic bifurcation problem is
divided into two parts. In the ﬁrst part the fundamental path of
equilibrium (2.9) is solved for a series of known inclusion radii.
The solution is performed via a semi-inverse approach; a value
for krðr ¼ aþÞ is assumed and the strain ﬁeld in the domain occu-
pied by the matrix is found. The process repeats iteratively where
a convergence criterion is employed for the difference between the
computed stress at the outer boundary and the known traction T.
After equilibrium is conﬁrmed for the matrix, the interface stress
P is evaluated, and in compliance with the hydrostatic stress ﬁeld
assumption, made for the inclusion, the corresponding strain ﬁeld
is determined. A second iterative process is realized in order to ﬁnd
a value for the growth factor 0. An initial value is assumed for 0,
and using the computed value for krðr ¼ aÞ the stress ﬁeld within
the inclusion is computed. The result is then compared with the
previously calculated interface stress P. Additional iterations are
performed until convergence of 0 is obtained.
The second part of the numerical procedure is devoted for trac-
ing bifurcation solutions for various Legendre Polynom orders n. The
method employed here is somewhat similar to that described in
(Haughton, 1987). Two independent solutions are found numeri-
cally for the bifurcation Eqs. (5.4a) and (5.4b). The numerical
scheme used is a standard initial value problem solver, and both
solutions are set to satisfy the outer boundary conditions (5.9a)
and (5.9b). The general solution for the bifurcation equations of
the outer matrix is, therefore, a linear combination of those two
independent solutions
f ðmÞ ¼ C1f 1 þ C2f 2; gðmÞ ¼ C1g1 þ C2g2; ð6:1Þ
where f 1;f 2; g1, and g2 are the solutions located by the numerical
solver, and C1 and C2 are integration constants. The solution of
the bifurcation equations of the inclusion is known from (5.7). Writ-
ing it in a form that resembles (6.1) we ﬁnd
f ðiÞ ¼ C3rn1 þ C4rnþ1; gðiÞ ¼ C3 1n r
n1 þ C4Knrnþ1; ð6:2Þ
with C3 and C4 as two additional integration constants, and Kn de-
ﬁned in (5.8). The ﬁnal step in the solution scheme is compliance
with continuity conditions across the interface. Substituting the
solutions (6.1) and (6.2) in the boundary conditions (5.10a)–
(5.10c) and (5.10d) a system of four linear algebraic homogenous
equations is obtained. A non-trivial solution for it is possible when
this system is singular (coefﬁcient’s determinant vanishes).
In the following numerical example, the inclusion and matrix
are made of two different rubber-like materials. The phenomeno-
logical model is chosen to be of the Ogden type with the following
energy function (Ogden, 1997)
wðk1; k2; k3Þ ¼
X
m
lm
am
kam1 þ kam2 þ kam3  3þ b1ðJbam  1Þ
h i
;
lmam > 0; 8m: ð6:3Þ
Here, ki ði ¼ 1;2;3Þ are the principal stretches, and lm;am, and b are
material constants. It can be shown that for the Ogden type model
the ground state shear modulus l and ground state bulk modulus j are
given byl ¼
X
m
lmam; j ¼
2
3
ð3bþ 1Þl; ð6:4Þ
whereas the ratio l=j represents the level of compressibility.
With simplicity in mind, a one term only energy function was
chosen. The initial radii ratio between the inclusion and matrix in
this example isA=B ¼ 0:85, and thematerial constantswere taken as
aðiÞ1 ¼ 0:5; aðmÞ1 ¼ 0:5;
lðiÞ1 ¼ 200 KPa; lðmÞ1 ¼ 200 KPa;
l
j
 ðiÞ ¼ 0:5;0:1; lj ðmÞ ¼ 0:4; 0:5; 0:6:
ð6:5Þ
Thus, for the inclusion, twomaterialswere examinedwith twodiffer-
ent values for moduli ratio l=j. For the matrix, three values of l=j
were examined. This enables an investigation of the inﬂuence of level
of compressibility and strength differential between the two phases
on bifurcation results.Wenote also that in all numerical runs no trac-
tion is applied on the outer circumference of the matrix ðT ¼ 0Þ.
In Fig. 2 the interfacial pressure P is plotted against the growth
factor 0 for three combinations of moduli ratios for the matrix and
inclusion. Fig. 3 shows the relation between P and the current to
reference inclusion radii ratio a=A for a matrix with l=j ¼ 0:5.
Bifurcation onsets are plotted along the primary path. The open
square represents the ﬁrst inﬂation instability (equivalent to bifur-
cation at n ¼ 0). Bifurcation solutions for a thick shell (no inclu-
sion) are represented by open diamonds; the solutions for this
case are in agreement with the solutions obtained by Haughton
(1987). Note that for the thick shell ﬁrst bifurcation occurs with
n ¼ 1. The solutions for the composite problem, where both the
inclusion and matrix are made of the same material, are denoted
by open triangles. Here all solutions are densely gathered, and dis-
tinction between various mode numbers is difﬁcult. Note, how-
ever, that for inﬁnite mode numbers (surface instability), the
bifurcation onset for the thick shell problem approaches the solu-
tions for the composite same-material problem. The third behavior
shown in Fig. 3 is the behavior of bifurcation onsets for the com-
posite more-compressible inclusion ðl=j ¼ 0:1Þ problem (upside
down triangles). Here, ﬁrst bifurcation is at n!1 and is obtained
near the solutions for the same-material problem. In conjunction
with the thick shell solutions, there are no bifurcation solutions
at n ¼ 1 for the composite material; this result is in agreement
with the condition nP 2 in (5.7) which ensures vanishing velocity
components at the origin.
In Fig. 4 we describe the behavior of critical growth factors for
bifurcation ð0Þ at speciﬁc mode numbers. Here the inclusion is
made of material with l=j ¼ 0:5, whereas for the matrix three val-
ues are examined ðl=j ¼ 0:4; 0:5; 0:6Þ. An important observation
from this ﬁgure is that the level of compressibility has an apprecia-
ble inﬂuence on onset of bifurcation. The compressibility of the
matrix reveals a stabilizing effect, where for more compressible
materials bifurcation occurs at higher inclusion radii. In addition,
for the more compressible matrix the ﬁrst bifurcation occurs for
higher mode numbers. These results emphasize the importance
of the strength differential between the two phases in inducing
the critical growth level when bifurcation happens, as well as
mode number sensitivity.
7. Conclusions
Bifurcation from a spherically-symmetric growth pattern, of an
inclusion embedded within a different solid, is possible and bifur-
cation solutions have been presented for a number of material
combinations. There is considerable inﬂuence of the strength dif-
ferential between the materials on the critical radius of the inclu-
sion at bifurcation, on critical load levels, and on mode shape of
bifurcation. It has been found that when the matrix is more com-
Fig. 3. Variation of interfacial pressure Pwith inclusion current to reference radii ratio a=A for matrix shear to bulk moduli ratio of ðl=jÞðmÞ ¼ 0:5. Open square (h) represents
ﬁrst inﬂation instability; open diamonds ð}Þ represent bifurcation onset for the thick shell problem; open triangles ð4Þ represent onset of bifurcation for the composite
problem – same material for matrix and inclusion; and open upside down triangles ðOÞ represent onset of bifurcation for the case of a more compressible inclusion.
Bifurcation mode numbers are also indicated.
Fig. 2. Interface pressure P versus growth factor 0 for three values of moduli ratio for the matrix: (1) lj
 ðmÞ ¼ 0:5; (2) lj ðmÞ ¼ 0:4; and (3) lj ðmÞ ¼ 0:6. In all curves
l
j
 ðiÞ ¼ 0:5.
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Fig. 4. Critical growth ratio 0 for bifurcation vs. mode order n, for three matrix materials with different shear to bulk moduli ratios.
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is larger. It is noteworthy that although the work here focuses on
hyperelastic compressible isotropic solids, it is possible to extend
the validity of the analysis to more general materials, solids and
liquids. Other material laws, like constitutive relations for soft bio-
logical tissues, can also be used.
Appendix A
A.1. Derivation of rate equilibrium Eq. (3.1)
The time rate of equilibrium Eq. (2.8) is
@$
@t
 rþ $  @r
@t
¼ 0; ðA:1Þ
where the time rate of the gradient operator $ is
@$
@t
¼ L  $; ðA:2Þ
with L denoting the left velocity gradient
L ¼ $V: ðA:3Þ
Combining (A.2) with the ﬁrst of (A.1) we have by standard tensor
algebra (Lurie, 1990)
@$
@t
 r ¼ ðL  $Þ  r ¼ L  ð$rÞ ¼ $  ðLT  rÞ
þ ð$  LTÞ  r ¼ $  ðLT  rÞ
þ ð$$  VÞ  r ¼ $  ðLT  rÞ þ $  ðr$  VÞ: ðA:4Þ
On account of (2.8).
It follows that (A.1) takes the form
$  @r
@t
 LT  rþ r$  V
 
¼ 0: ðA:5Þ
Shifting to the Jaumann stress rate of Cauchy stress tensor
@r
@t
¼ rO W  rþ r W; ðA:6Þ
we arrive at the rate equilibrium equation
$  rO D  rþ r Wþ r$  V
 	
¼ 0; ðA:7Þ
where spin tensorW and Eulerian strain rate D are deﬁned in (3.2).In terms of Kirchhoff stress tensor s ¼ Jr with the kinematic
relation
@J
@t
¼ J$:V; ðA:8Þ
we can rewrite (A.7) in the desired form
$  1
J
s
OD  rþ r W
 
¼ 0: ðA:9Þ
This derivation is essentially (in indicial notation) due to Biot (1965)
and (in absolute notation) Lurie (1990).
The rate equilibrium Eq. (A.9) can be put in different forms,
including the nominal stress formulation as in Haughton (1987),
Ogden (1997). Recall that the nominal stress tensor (transpose of
the ﬁrst Piola–Kirchhoff stress tensor) is given by
S ¼ JF1  r ¼ F1  s: ðA:10Þ
Hence s ¼ F  S and (since @F
@t ¼ LT  F)
@s
@t
¼ LT  sþ F  @S
@t
: ðA:11Þ
Combining (A.11) with Jaumann rate of Kirchhoff stress (3.3) we can
rewrite (A.9) as
$  1
J
F  @S
@t
 
¼ 0; ðA:12Þ
or
$  1
J
F
  
 @S
@t
þ 1
J
ðFT  $Þ  @S
@t
¼ 0: ðA:13Þ
However, the divergent of F=J vanishes identically, and FT  $ ¼ $0 is
the reference conﬁguration gradient operator. Hence
$0  @S
@t
¼ 0; ðA:14Þ
which is a statement of rate equilibrium in forms of nominal stress
tensor.
Transformation of instantaneous moduli, via (4.2), follows from
(A.11), with the aid of (3.3), in the form
@S
@t
¼ F1  @s
@t
 F1  LT  s ¼ F1  ðL  D D  sþ s WÞ: ðA:15Þ
Further simpliﬁcation to hyperelastic solids is obtained from (4.1),
(4.5) and (4.6).
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a1 ¼ rrr þ 1J Lrr ; ðB:1Þ
a2 ¼ ddr
1
J
Lrr  rrr
 
þ 2
r
1
J
Lrr  rrr
 
; ðB:2Þ
a3 ¼ 2r
d
dr
1
J
Lrh
 
þ 2
r2
rhh þ 1J ðLrh  Lhh  Lh/Þ
 
; ðB:3Þ
a4 ¼ 12r2
1
J
Grh  rrr þ rhh
 
; ðB:4Þ
b1 ¼
1
2r
1
J
ð2Lrh þ GrhÞ  ðrrr þ rhhÞ
 
; ðB:5Þ
b2 ¼
1
r
d
dr
1
J
Lrh
 
ðB:6Þ
þ 1
2r2
ðrrr þ rhhÞ þ 1J ð2Lrh  2Lh/  2Lhh  GrhÞ
 
; ðB:7Þ
c1 ¼
1
2r
d
dr
1
J
Grh  ðrrr þ rhhÞ
 
ðB:8Þ
þ 1
r2
1
J
ðGrh þ Lhh þ Lh/Þ  ðrrr þ rhhÞ
 
; ðB:9Þ
d1 ¼ 12
1
J
Grh  rhh þ rrr
 
; ðB:10Þ
d2 ¼ 12
d
dr
1
J
Grh þ rrr  rhh
 
þ 1
r
1
J
Grh þ rrr  rhh
 
; ðB:11Þ
d3 ¼ 12r
d
dr
1
J
Grh þ rrr þ rhh
 
þ 1
r2
1
J
ðGrh þ Lh/Þ þ rrr
 
; ðB:12Þ
d4 ¼ 1r2
1
J
Lhh  rhh
 
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